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Analysis of Bending Vibration of Rectangular Plates
Using Two-Dimensional Plate Modes
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A higher order assumed modes (Ritz) method is developed for rectangular plate analysis using two-dimensional
plate mode shape functions. These two-dimensional plate mode shape functions were determined using the extended
Kantorovich–Krylov method. The rectangular plate is assumed isotropic and uniform, and has each edge of its
span (root and tip) clamped and remaining edges free (clamped–free–clamped–free boundary conditions). Natural
frequencies, mode shape functions, and frequency responses of the plate were calculated and compared to the results
of traditional analysis using one-dimensional beam modes to approximate plate modes in both x and y directions.
The updated two-dimensional plate mode shape functions substantially reduce the computational cost compared
to the case of using one-dimensional beam mode shape functions. Fewer modes are needed in the proposed method
to yield the same accuracy. Experiments were conducted to validate our predictions and the data agree with our
predictions.

Nomenclature
a = length of plate in x direction
b = length of plate in y direction
E = Young’s modulus of plate material
h = plate thickness
m, n = number of half-wavelengths for mode shapes
W = mode shape function of w
w = displacement in transverse bending direction
X = separable component of a mode shape function

for W in x direction
Y = separable component of a mode shape function

for W in y direction
α = ratio of length in x and y directions
ζ = nondimensional length in x direction
η = nondimensional length in x direction
ν = Poisson’s ratio of plate
ρ = density of plate
� = nondimensional frequency
�x = nondimensional frequency solution in x direction
�y = nondimensional frequency solution in y direction
ω = excitation frequency

Introduction

T HE transverse bending vibration of thin rectangular plates un-
der the Kirchhoff hypothesis is considered in this paper. Ex-
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act solutions exist only for Levy-type plates, in which at least two
opposite edges are simply supported.1−3 The displacement can be
determined using separation of variables, which reduces the plate
problem to a beamlike one-dimensional problem. For other plate
boundary conditions, the natural frequencies were calculated by
the assumed modes (Ritz) method.1,4 Leissa1 reviewed natural fre-
quency results for plates with a wide range of boundary conditions.
One-dimensional beam mode shape functions have been used to ap-
proximate the two-dimensional plate modes by approximating them
as a product of two separable beam mode shapes in x and y direc-
tions. A linear combination of these assumed plate modes was then
employed to represent actual plate vibration modes. These beam
mode shape functions can easily satisfy the geometric boundary
conditions along the plate edges. The unknown coefficients for each
assumed mode minimize the total energy and yield the approximate
natural frequencies. A large size eigenvalue problem must be used to
calculate the natural frequencies because many assumed modes are
needed to improve frequency prediction accuracy. In some cases,
an assumed mode can satisfy both geometric and force boundary
conditions, which leads to the Galerkin method. This approach can
provide us with an exact solution because the assumed mode is iden-
tical to the actual vibration mode. However, it is very difficult to find
such assumed modes that satisfy both geometric and force bound-
ary conditions. Therefore, our efforts focus on how to improve our
assumed modes.

The Kantorovich–Krylov method5 is a variational method that can
reduce the partial differential equations (PDEs) to ordinary differ-
ential equations (ODEs). Similar to the assumed modes method, the
Kantorovich–Krylov method tries to find the function minimizing
the integral of total potential energy instead of solving the boundary-
value problem of PDEs. As stated by Kantorovich and Krylov, “[t]he
advantage of this method, apart from its greater accuracy, consists
in that only part of the expression giving the solutions is chosen
a priori; part of the functions being determined in accordance with
the character of the problem.” This is a one-step process with no iter-
ation involved, which is called the traditional Kantorovich–Krylov
method. Kerr6 was the first to propose the extended Kantorovich–
Krylov method and applied it to the torsion problem of a beam
with rectangular cross section, in which single-term separable
displacement approximation generated good results. Basically we
assume a separable representation for the solution function. Iter-
atively, we solve for the separable components, which yields a
convergent sequence of results. This approach is called the extended
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Kantorovich–Krylov method. Subsequently, Kerr and Alexander7

applied the extended Kantorovich–Krylov method to the stress anal-
ysis of a clamped rectangular plate, and the membrane vibration and
plate bending stability problems were solved as shown in Ref. 8. Be-
cause the extended Kantorovich–Krylov method is a semi-analytical
method and some parameters must be determined numerically, the
method did not receive widespread acceptance.

However, improvements in computational power have resulted
in a resurgence of interest in the extended Kantorovich method
during the past decade.9−13 Cortinez and Laura9 studied bend-
ing vibration of stepped rectangular plates using the traditional
Kantorovich–Krylov method. Bhat et al.10 solved for plate bending
mode shapes for boundary condition combinations of simply sup-
ported and clamped cases using the extended Kantorovich–Krylov
method. Rajalingham et al.11,12 applied the same method to the rect-
angular plate bending vibration problem. All these successes prove
that the extended Kantorovich–Krylov method is a universal and
powerful mathematical tool for PDEs. However, all of these results
were only validated analytically with no comparisons to experimen-
tal data. We applied the extended Kantorovich–Krylov method to
in-plane vibration problems of rectangular plates.13 The mathemati-
cal representation of this approach and application for in-plane plate
vibration are presented by Chang et al.14 We have also investigated
the application of the extended Kantorovich–Krylov method to bi-
harmonic PDEs of which the out-of-plane plate bending vibration is
a notable example.15 In Ref. 15 we presented a detailed convergence
proof of the method. The basis of this proof is that the separable
variable solutions are the projections of the exact solutions and the
solution sequence converges and reaches the minimum in the sense
of an L2 norm.

In this paper, we applied the extended Kantorovich–Krylov
method to rectangular plate bending vibration and validated our
results by experiment and the assumed modes method, where plate
modes were approximated by beam modes in both x and y direc-
tions. We consider a rectangular plate with clamped–free–clamped–
free (CFCF) boundary conditions, as shown in Fig. 1. The plate
is 304.8 mm (12 in.) long, 254 mm (10 in.) wide, and 1.52 mm
(0.05975 in.) thick and is made of aluminum. The two-dimensional
plate mode shape functions were calculated using the extended
Kantorovich–Krylov method and were employed in the assumed
modes method for plate bending analysis. The two-dimensional as-
sumed mode results were compared to plate modes approximated
as the product of one-dimensional beam mode shape functions in
both x and y directions. Natural frequency, mode shape functions,
and frequency response were validated by the experimental data
and the results agree well. Fewer modes are needed in the assumed
modes method when using two-dimensional plate mode shape func-
tions determined by the extended Kantorovich–Krylov method, and
the same accuracy is achieved compared to the case of using one-
dimensional beam modes. This leads to a higher order assumed
modes method for plate bending analysis.

Fig. 1 Plate under CFCF boundary conditions.

Governing Equations
A uniform rectangular thin plate with Kirchhoff hypothesis is

considered, and the potential energy is
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2

∫ a

0

∫ b

0

D

[(
∂2w

∂x2

)2

+
(

∂2w

∂y2

)2

+ 2ν
∂2w

∂x2

∂2w

∂y2
+ 2(1 − ν)

(
∂2w

∂x∂y

)2
]

dx dy (1)

The kinetic energy is

T = 1

2

∫ a

0

∫ b

0

ρh

(
∂w

∂t

)2

dx dy (2)

where the plate bending flexural stiffness is
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Applying the Hamiltonian principle, the governing equation is2,16
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and associated boundary conditions along two edges in the x direc-
tion (i.e., x = 0, a) are
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The boundary conditions along two edges in the y direction (i.e.,
y = 0, b) are
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Also, the corner conditions are

∂2w

∂x∂y
= 0

To solve the preceding equations, we assume that a time response
w(x, y, t) is the product of a harmonic time response and a dis-
placement mode shape function W (x, y) so that

w(x, y, t) = W (x, y)e jωt (4)

and we assume that the mode shape function W (x, y) is separable:

W (x, y) = X (x)Y (y) (5)

Substituting Eqs. (4) and (5) into Eq. (3) yields

d4 X

dx4
Y + 2

d2 X

dx2

d2Y

dy2
+ X

d4Y

dy4
− ρhω2

D
XY = 0 (6)

Obviously, the separable solution for W (x, y) consisting of the func-
tions X and Y exists only if either of the following conditions holds:

d2 X

dx2
= γ1 X,

d2Y

dy2
= γ2Y

where γ1 and γ2 are constants. These mathematical expressions im-
ply that opposite edges have to be simply supported boundaries to
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satisfy the conditions of separable solutions. Thus, only Levy-type
plates have closed-form separable solutions.1−3 For other boundary
conditions, separable solutions for plate mode shape functions can-
not be obtained. Thus, the separable representation of the transverse
displacement mode shapes is only an approximation. Therefore, we
resort to the extended Kantorovich–Krylov method to find a higher
order solution of the separable plate bending modes.

Extended Kantorovich–Krylov Method
In this section, we will show the application of the extended

Kantorovich–Krylov method for plate bending vibration. Because
this approach has been presented before,10−12 we outline the ap-
proach and present the key results. As mentioned earlier, we seek the
functions that minimize the integral of total plate bending energy in-
stead of solving a boundary-value problem, as shown in Eq. (3). We
substitute Eqs. (4) and (5) into Eqs. (1) and (2) and take its variation.
Finally, the corresponding nondimensional variational expression of
total energy of a plate is
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Here we define some nondimensional parameters. The nondimen-
sional lengths in the x and y directions are

ζ = x/a, η = y/b

The aspect ratios of plate and nondimensional frequency are

α = a/b, �2 = ω2(ρha4/D)

The nondimensional resultant shear forces and moments are
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The separable solution of bending mode shape function, Wmn , is
assumed to be separable as follows:

Wmn(ζ, η) = Xm(ζ )Yn(η) (8)

Now the question is how to determine Xm and Yn .

Determination of Xm(ζ)
If we assume Yn is prescribed a priori, then

δWmn(ζ, η) = Yn(η)δXm(ζ ) (9)

Substituting Eqs. (8) and (9) into Eq. (7) and integrating along the
η direction yields an ODE for Xm(ζ ):
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dζ 4
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where βx is a constant and γx is a function of unknown parameter
�. The expressions for these two parameters are
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The solution of Eq. (10) is an expansion of four waves:

Xm = c1 sin(pxζ ) + c2 cos(pxζ )
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and where px and qx are wave numbers, which are functions of �.
The wave coefficients c1, c2, c3, and c4 are determined using the
boundary condition at the two edges, ζ = 0 and ζ = 1. The possible
boundary conditions on these two edges are: 1) clamped edge,
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The next step is to determine the wave coefficients, c1, c2, c3, and
c4. For example, for the case in which a plate is clamped at ζ = 0
and free at ζ = 1,

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0 1 0 1
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f1 sin(px ) f1 cos(px ) f2 sinh(qx ) f2 cosh(qx )

f3 cos(px ) f4 sin(px ) f5 cosh(qx ) f5 sinh(qx )







c1

c2

c3

c4


= 0

(12)

where
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x + e1, f3 = −p3
x + e2 px
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The nontrivial solutions of the wave coefficients lead to an equation
for the frequency � only. Equation (12) is solved to obtain �xm and
the coefficients in mode shape function Xm are determined.
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Determination of Yn(η)
If we assume that Xm is prescribed a priori, then

δWmn(ζ, η) = Xm(ζ )δYn(η) (13)

We substitute the preceding equation into Eq. (7) and integrate along
the ζ direction, which yields an ODE in terms of Yn :

d4Yn

dη4
+ 2βy
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dη2
+ γyYn = 0 (14)
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The solution of the preceding equations is an expansion of four
waves:

Yn = d1 sin(pyη) + d2 cos(pyη) + d3 sinh(qyη) + d4 cosh(qyη)

(15)

Similarly, the wave numbers are given by:
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The possible boundary conditions along two edges η = 0 and η = 1
are 1) clamped edge,
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2) simply-supported edge,
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By applying boundary conditions at two edges η = 0, 1, we can
solve a frequency equation to obtain �yn and determine the wave
coefficients of Yn(η), as shown in Eq. (15).

Table 1 Parameters in mode shape functions of a rectangular
plate bending vibration under CFCF boundary conditions

and with aspect ratio of 1.2a

mn c1 c2 c3 p1 p2

11 −1.0178 −1 1.0178 4.73 4.73
12 −0.66723 −0.66521 0.66723 4.3184 6.4917
13 −0.34224 −0.34223 0.34224 3.8011 11.107
21 −0.99922 −1 0.99922 7.8532 7.8532
22 −0.85319 −0.8534 0.85319 7.6959 9.0179
23 −0.58047 −0.58048 0.58047 7.3351 12.636
14 −0.21751 −0.21752 0.21752 3.57 16.412
31 −1 −1 1 10.996 10.996
32 −0.92407 −0.92406 0.92407 10.917 11.814
24 −0.40667 −0.40667 0.40667 7.0557 17.35
33 −0.72414 −0.72414 0.72414 10.678 14.746
15 −0.15635 −0.15886 0.15886 3.4542 21.744
41 −1 −1 1 14.137 14.137
42 −0.95656 −0.95656 0.95656 14.093 14.733
34 −0.44212 −0.43507 0.43507 10.251 23.563
25 −0.20792 −0.30277 0.30277 6.7822 22.401

a Xm = sin[p1(x/a)] + c1 cos[p1(x/a)] + c2 sinh[p2(x/a)] + c3 cosh[p2(x/a)].

Iteration
We will repeat the aforementioned procedure in each of the ζ and

η directions until convergence is achieved for the modal frequency
in both x and y directions; that is, ‖�xm − �yn‖ ≤ ε (ε = 10−5 in
our calculation). Then the modal frequency �mn and mode shapes
Wmn are determined. The algorithm is summarized in the following
steps:

1) In the η direction, prescribe the mode shape Y 0
n a priori, for

iteration k = 0.
2a) Increment k, Y k

n = Y k−1
n .

2b) Obtain the ODEs in terms of Xk
m as shown in Eq. (10). Nu-

merically solve for �k
xm to result in a zero determinant. The wave

coefficients in Xk
m are determined.

2c) Using mode shape function Xk
m as calculated in step 2b, obtain

the ODEs in terms of Y k
n as shown in Eq. (14). Numerically solve

for �k
yn to result in a zero determinant. The wave coefficients in Y k

n
are determined.

3) Check convergence between �k
xm and �k

yn . If ‖�k
xm −

�k
yn‖ ≤ ε, then we stop the iteration. The mode frequency of mode

mn was determined. In our calculation, we set ε = 10−5. Otherwise,
go to step 2a, k = k + 1.

To execute our algorithm, we assume an initial separable func-
tion in the y direction, that is, Yn . A sensible choice is a beam
bending mode shape, as shown in Ref. 17. Basically, we choose
the corresponding beam mode shape functions matching the plate
boundary conditions in the y direction. We analyzed a plate with
CFCF boundary conditions, as shown in Fig. 1. For example, we
assumed the second mode shape function in the y direction using
beam mode shape functions for a beam with free–free boundary
conditions. Then we plotted the results between determinant and
nondimensional frequency as shown in Fig. 2. By observing the
plots, we can pick one possible initial guess for the nondimensional
frequency to vanish the determinant. Using an optimization scheme,
we can solve for an �x and determine the associated mode shape
function in the x direction. Iteratively, we solve for �y and deter-
mine the mode shape functions in the y direction. Finally we obtain
nondimensional frequency and associated mode shape functions in
both x and y directions using the preceding iteration scheme. The
MatLab software package was used in our calculation. Validation
of this method for plate bending vibration is presented in Tables 1
and 2 for the first 16 modes. In the preceding algorithm, we initiated
the iteration from the x direction but it is equally valid to begin the
algorithm in the y direction by prescribing the initial choice of Xm .

Experimental Setup
To validate our analyses, experiments were conducted. Figure 3

shows the experimental setup. A shaker was used as the excitation
source, which was suspended about 381 mm (15 in.) above the plate.
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The force output from the shaker was transmitted through a load cell
and a rigid rod to the plate, as shown in Fig. 3. The rigid rod was
bonded to the surface of plate using M bond and provided a good
adhesion between the rod and plate. The size of the rod is about 38.1
mm (1.5 in.) long and 7.9375 mm (5/16 in.) in diameter. The load
cell provided the magnitude of force input to the plate.

As shown in Fig. 3, our base is an optical table with a vibration
isolation system. This isolation workstation is made by Newport
Corporation. The optical table is model RS-3000 with integrated
tuned damping. The top surface is 400-series ferromagnetic stainless
steel with a 25.4 by 25.4 mm (1 by 1 in.) screw pattern; the diameter
is 7.9375 mm (5/16 in.). An air compressor served as the air source
to the isolation legs of the workstation system. The isolation system
floats the table and very-low-frequency disturbances from the floor
were isolated. Details are given by Fowler et al.18

A plate was clamped by a fixture on two parallel edges and was
free on the other two edges, as shown in Fig. 3. The fixture was
designed to provide clamped boundary conditions and was made of
top and bottom parts. The size of top and bottom parts were the same:

Table 2 Parameters in mode shape functions of a rectangular
plate bending vibration under CFCF boundary condition

and with aspect ratio of 1.2a

mn d1 d2 d3 q1 q2

11 0 5.6667 −0.97247 5.9605e−8 4.1336
12 −0.83363 2.3621 −1.0171 2.4631 4.7685
13 −0.90998 1.3878 −0.99696 5.1225 6.4879
21 0 5.6667 −0.9995 5.9006e−7 7.9974
22 −0.85708 3.6575 −1.0004 2.6812 8.4014
23 −0.83308 2.0886 −0.99987 5.5241 9.6129
14 −0.95901 1.1596 −1.0003 8.0428 8.9421
31 0 5.6667 −0.99999 5.4355e−6 11.72
32 −1.0015 4.4464 −1 2.6985 12.017
24 −0.88937 1.5344 −1 8.3742 11.427
33 −0.81327 2.7931 −1 5.7165 12.985
15 −0.97745 1.0832 −0.99998 11.098 11.75
41 0 5.6667 −1 2.5194e−5 15.437
42 −1.63787 4.8953 −1 2.6597 15.66
34 −0.87957 1.6052 −1 11.564 16.326
25 −0.92985 1.2948 −1 11.321 13.63

aYn = d1 sin[q1(y/b)] + d2 cos[q1(y/b)] + d3 sinh[q2(y/b)] + cosh[q2(y/b)].

Fig. 2 Plots of determinant and nondimensional frequency assuming second mode in y direction for a CFCF plate.

381 mm (15 in.) long, 76.2 mm (3 in.) wide, and 25.4 mm (1 in.)
thick. The two bottom pieces were bolted to the optical table 304.8
mm (12 in.) apart. A 330.2 by 25.4 mm (13 by 10 in.) aluminum plate
specimen with a thickness of 1.52 mm (0.05975 in.) was placed atop
the two bottom pieces. The clamping width was a half-inch at each
clamped edge. A torque of 22.597 N · m (200 in · lbs) was applied
to each of the bolts to provide uniform clamping. Figure 4 displays
the details of the clamping fixture.

Fig. 3 Photograph of plate testing setup.

Fig. 4 Diagram of clamping fixture.
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Our specimen is an aluminum plate, which was 304.8 mm (12 in.)
long, 254 mm (10 in.) wide, and 1.52 mm (0.05975 in.) thick. The
aluminum plate was 6061T6 with Young’s modulus E = 68 GPa and
Poisson ratio ν = 0.3. As shown in Fig. 3, a noncontact Schaevitz
Distance Star laser sensor was used to measure plate displacement.
We obtained a frequency response function at 15 positions on the
plate. The coordinates of these measurements are listed in Table 3
for our specimen.

We chose the excitation location carefully to avoid excitation at a
nodal line position of the plate; the excitation location was located
at (x, y) = (276.225, 73.025 mm) ((10 5

8 , 2 7
8 in.).

A sine sweep signal was applied to the shaker with the load cell
feedback to maintain the constant force magnitude for the whole
frequency spectrum. We set up the control voltage in input of the
load cell and the output voltage to the shaker was adjusted based
on the feedback control algorithm integrated in the SigLab signal
acquisition system.

Results
Based on the experimental frequency response functions at 15 lo-

cations on the plate specimen, we can extract the first seven modal
frequencies, modal damping, and mode shape functions using the
Star software.19 These results were used to validate our analysis
of an aluminum plate. In our analysis, the assumed modes method
was employed to solve the aluminum plate vibration problem. Two
analyses were developed. In analyses 1, the plate transverse dis-
placement mode shape functions were approximated by the product
of one-dimensional beam mode shapes in both x and y directions.
In analysis 2, the plate mode shape functions were determined us-
ing the extended Kantorovich–Krylov method as shown in Tables 1
and 2. Finally we discuss the computational cost involved in our
analyses 1 and 2 and tradeoff.

Validation
In analysis 1, the transverse displacement w(x, y) was assumed

to be an expansion of beam mode shape function in both x and y

Table 3 Coordinates of the 15 measured locations for an
aluminum plate under CFCF boundary conditions

Coordinatesa

Location x , mm y, mm

1 76.2 250.83
2 76.2 190.5
3 75.41 127
4 74.61 64.29
5 74.61 3.175
6 152.4 250.825
7 152.4 189.71
8 152.4 127
9 152.4 61.92
10 152.4 3.175
11 190.5 250.93
12 190.5 191.29
13 191.29 127
14 190.5 63.5
15 190.5 3.175

Table 4 Bending frequency results for an aluminum plate with CFCF boundary conditions

Plate modes, i = 7 Beam modes, i = 7 Beam modes, i = 25
Bending
mode no Expt., Hz Analysis, Hz Error, % Analysis, Hz Error, % Analysis, Hz Error, %

1, 1 83.7 87.8 4.9 88.18 5.35 88.18 5.35
1, 2 107.3 111.01 3.45 111.54 3.95 111.28 3.71
1, 3 207.13 209.52 1.15 212.11 2.41 209.73 1.26
2, 1 233.68 241.56 3.37 243.06 4.01 243.06 4.01
2, 2 266.03 274.75 3.27 276.37 3.89 276.88 4.08
2, 3 381.41 388.3 1.81 392.62 2.94 389.59 2.15
1, 4 420.68 419.56 −0.27 424.03 0.8 420.16 −0.13

directions:

w(x, y) =
∑

i

Qi (t)φm(x)φn(y) (16)

The mode shape functions φm and φn were the beam bending mode
shape functions that were adapted based on the boundary conditions
of the aluminum plate. The CFCF boundary conditions were con-
sidered. In the x direction, the mode shapes were the beam bending
modes with clamped–clamped boundary conditions:

φm(x) = cosh(βm x) − cos(βm x) − λm[sinh(βm x) − sin(βm x)]

λm = cosh(βma) − cos(βma)

sinh(βma) − sin(βma)
(17)

where βm is determined using the characteristic equation for the
fixed–fixed boundary condition of a beam,

cos(βma) cosh(βma) = 1 (18)

where a is the length in the x direction. Along the y direction, the
beam modes with free–free boundary conditions were used:

φn(y) = cosh(βn y) + cos(βn y) − λn[sinh(βn y) + sin(βn y)]

λn = cosh(βnb) − cos(βnb)

sinh(βnb) − sin(βnb)
(19)

where βn is determined using the characteristic equation for the
free–free boundary condition of a beam, which is

cos(βnb) cosh(βnb) = 1 (20)

We have to include as many assumed modes as possible to approx-
imate plate modes. The simplest method is to pick up the same
number of beam modes in both x and y directions. The total num-
ber of assumed plate modes i will be m × n, and the modal number
sequence is generated by permuting m and n. In our calculation, we
use the first 5 beam modes in both x and y directions and yield a total
of 25 assumed plate modes. Also, we calculated natural frequencies
using a total of seven assumed plate modes, where the beam modes
used in both x and y directions are intended to approximate the
corresponding first seven plate modes.

Based on the extended Kantorovich–Krylov method, we deter-
mined the plate mode shape functions, as shown in Tables 1 and 2,
for our particular CFCF plate. We assumed that

w(x, y) =
∑

i

Qi (t)Xm(x)Yn(y) (21)

We computed the mode shapes and modal frequencies of the first
seven plate modes, which correspond to the first seven measured
plate modes. The modal frequency predictions using beam and plate
modes are listed in Table 4 and are compared to experimental results.
For the first mode, the errors were the largest of all analyses, about
5%, this is due to the boundary condition effects. From the second
to the seventh modes, the frequency prediction errors decreased in
all analyses and the error in the analysis using plate mode shapes
was less than that in the analyses using beam modes except for the
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a)

b)

c)

d)

e)

f)

Fig. 5 Contour plot of experimental bending mode shape functions for an aluminum plate with CFCF boundary conditions.

seventh mode. Both analyses tended to overpredict modal frequency,
which was expected. As the number of plate modes (derived from
beam modes) is increased, the natural frequency prediction error
decreases, as shown in Table 4.

The experimental mode shape functions were extracted using the
Star software. The mode shape functions are represented by the
magnitude and phase at each spanwise location because of damping
in the plate. The real components of the mode shapes were used in
our analyses. We can reconstruct the mode shape functions for the
entire plate using two-dimensional interpolation based on informa-
tion from these 15 points. The first six mode shape functions are
plotted in contour form, as shown in Fig. 5 (parts a–f). From the
figure, we can identify the nodal line and mode number clearly. The
analytical mode shape functions predicted by the assumed modes
method using plate modes are presented as well in Fig. 6 (parts a–
f). We noted that the nodal lines in the experimental results were
curved, whereas those predicted by analysis are straight lines. Fi-
nally we compared the frequency response functions predicted by
both analyses at one location on the plate, number 15, as shown in
Fig. 7; the coordinates are listed in Table 3. The frequency response
functions are plotted in Fig. 8. Both analyses captured the trend of
the frequency response functions.

Computational Cost
As shown in Table 4, the first seven plate bending natural fre-

quencies were validated using experimental data. In analysis 1, we
included 25 plate modes, each of which were approximated as a
product of two beam modes in the x and y directions. In analysis 2,
only seven plate modes were used. Both analyses yielded compa-
rable accuracy in frequency predictions. The total computational
cost is composed of two parts. The first part involves preparation
of the plate mode shape functions and the second part involves
matrix eigenvalue calculations after the assumed modes method
is applied. In analysis 1, there is no cost to prepare the assumed
plate modes because beam mode shape functions are used and
available the literature. In analysis 2, we need to predetermine the
plate mode shape functions based on the extended Kantorovich–
Krylov method. We calculated the first 16 plate mode shape func-
tions for our CFCF plate with an aspect ratio of 1.2. The results
are listed in Tables 1 and 2. The code is written in MATLAB.
The average number of floating point operations was 250,370.
Using a DELL Latitude C-600 notebook with 850 MHz CPU
speed, the average CPU time for each mode was 7.04 s. Thus,
the computational cost of complete two-dimensional plate modes
is insignificant. Also, results can be tabulated for future use
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c)

d)

e)

f)

Fig. 6 Contour plot of analytical bending mode shape functions for an aluminum plate with CFCF boundary conditions.

Fig. 7 Schematic of sensor array for plate testing.

as long as the plate boundary conditions and aspect ratio remain
the same.

Calculation of the eigenvalues of a symmetric matrix re-
quires 4

3 n3 +O(n2) operations,20 where n is the dimension of
the matrix. In our analyses, the matrix size was 25 × 25 in
analysis 1 and 7 × 7 in analysis 2. Therefore, eigenvalue calcu-
lation in analysis 2 is about 46 times faster than that in anal-
ysis 1. Thus, the use of fewer two-dimensional plate modes

Fig. 8 Frequency response functions of an aluminum plate with CFCF
boundary conditions, at location 15, as shown as Table 3; only 7 plate
modes were included and 25 beam bending modes were used.
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substantially improves computational cost when computing eigen-
frequencies.

Our goal is to achieve accurate frequency predictions for plate
bending vibration. In analysis 2, we do spend some time to prepare
updated plate mode shape functions. However, we need to deal with
a relatively small matrix eigenvalue problem later and the frequency
predictions are accurate. Overall, the computational cost is an in-
substantial factor in analysis 2, although we need to predetermine
the plate mode shape functions based on the Kantorovich–Krylov
method. Eventually we can achieve better frequency predictions
using fewer plate modes in the assumed modes method.

Conclusions
The assumed modes method was used to analyze plate bending

vibration. Two analyses were developed. In analysis 1, the plate
transverse displacement mode shape functions were approximated
by the product of one-dimensional beam mode shapes in both x and
y directions. In analysis 2, the plate mode shape functions were de-
termined using the extended Kantorovich–Krylov method and the
first seven plate modes were included in our calculations. In analy-
sis 1, a total of 7 or 25 modes were included. Natural frequencies,
mode shape functions, and frequency response functions were cal-
culated and validated via experimental data for a rectangular plate
with CFCF boundary conditions.

As shown in Table 4, we calculated the first seven plate bending
modal frequencies and compared them to experimental results. Us-
ing analysis 2, seven plate modes were computed using the extended
Kantorovich–Krylov method and were then utilized in an assumed
modes method. On the other hand, a total 7 or 25 plate modes,
approximated as the product of beam mode shapes, were used in
analysis 1. These two-dimensional plate mode shape functions not
only substantially reduced the computational cost but also improved
our prediction accuracy. The maximum error occurred in the first
mode in all analyses, which is usually due to the boundary condition
effects. From the second to seventh modes, the maximum error in
analysis 2 was 3.37%, whereas the maximum error in analysis 1 was
4.01 and 4.08% when using 7 or 25 plate modes derived from beam
modes, respectively. The prediction error in analysis 1 can be re-
duced by increasing the number of modes in the analysis. However,
to obtain natural frequency predictions comparable in accuracy to
those of analysis 2, 25 modes must be included in analysis 1, as
shown in Table 4.

As shown in Fig. 5, the experimental mode shape functions were
plotted in contour form for the first six modes. We can easily identify
the nodal lines from the contour plots and then determine the mode
number. These mode shape functions were obtained based on the
measured displacements at the 15 points as shown in Table 3. The
accuracy can be improved by using more sample points or a scan-
ning laser vibrometer. The analytical mode shape functions were
plotted as well in Fig. 6 using plate modes. The nodal lines agree
with experimental results. In our calculation, we assumed only a
single separable term in the plate mode shape functions in the ex-
tended Kantorovich–Krylov method. Therefore, the nodal lines are
always parallel to the plate edges. To remedy this, we must include
more separable terms in the plate mode shape functions to predict
nodal lines that are not parallel to the plate edges. This would be
particularly important to a plate analysis for all edges free.

As shown in Fig. 8, the frequency responses were plotted and
compared to the experimental results. Both analyses capture the
trend and shift to slightly higher frequency due to overestimated
natural frequency, in which only 7 plate modes were used compared
to a total of 25 degrees of freedom when using beam modes.

We assessed the computational cost of analyses 1 and 2. We used
MATLAB and a Dell Latitude C-600 notebook with 850 MHz CPU
speed. Each of the first seven modes requires an average 7 s of CPU
time to complete the extended Kantorovich–Krylov iteration. This

amount of CPU time is not a burden with today’s computers. The
use of two-dimensional plate modes instead of plate modes based
on one-dimensional beam modes realized a reduction in computa-
tional expense by a factor of 46 with comparable accuracy in the
eigenfrequency calculations.
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